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Data Missing at Random
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This article addresses three questions: Does reduced class size cause higher

academic achievement in reading, mathematics, listening, and word

recognition skills? If it does, how large are these effects? Does the

magnitude of such effects vary significantly across schools? The authors

analyze data from Tennessee’s Student/Teacher Achievement Ratio study

(STAR) of 1985, where students and teachers are randomly assigned to a

small or regular class. The authors propose a three-level multivariate

simultaneous equation model with an instrumental variable (IV) and estima-

tion via maximum likelihood (ML) to analyze the data under an assumption

of data missing at random (MAR). The IV, random assignment of students to

a small or regular class, reduces class size which, by hypothesis, improves

academic achievement in these domains. The authors extend Rubin’s Causal

Model (RCM) by involving a modified Stable Unit Treatment Value Assump-

tion (SUTVA), requiring no interference between classrooms and intact

schools. The method accommodates data with a general missing pattern and

extracts full information for analysis from the STAR data. The authors

investigate both homogenous and heterogenous causal effects of class size

on academic achievement scores across schools. The results show that

reducing class size improves reading, mathematics, listening, and word rec-

ognition test scores from kindergarten to third grade, although the effects

appear relatively small in second grade. The authors find no evidence that

the causal effects vary across schools.
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1. Introduction

The Tennessee class size study is widely regarded as one of the most

important experiments in the history of educational research (Mosteller, 1995).

These data are publicly available and have been intensively analyzed to assess

the impact of reduced class size on academic learning and on the likelihood of

college attendance. After many years of controversy about the impact of class

size, this study produced strong evidence supporting the hypothesis that reduced

class size improves academic achievement (Finn & Achilles, 1990; Goldstein &

Blatchford, 1998; Goldstein, Yang, Omar, Turner, & Thompson, 2000; Krueger,

1999; Krueger & Whitmore, 2001; Mosteller, 1995; Nye, Hedges, & Konstantopoulos,

1999, 2000), though not all researchers agree with this proposition (Hanushek,

1999; Milesi & Gamoran, 2006).

In this article, we analyze the STAR data by an IV approach (Angrist & Imbens,

1995; Angrist, Imbens, & Rubin, 1996; Bollen, Kirby, Curran, Paxton, & Chen,

2007; Ecob & Goldstein, 1983; Greene, 2002; Krueger, 1999; Krueger &

Whitmore, 2001; Nye, Konstantopoulos, & Hedges, 2004; Pearl, 2000; Rubin,

1978; Stolzenberg & Waite, 1977). The IV is the random assignment of students

and teachers to a small or regular class. It reduces class size which, in turn, may

increase student academic achievement. Other authors have adopted the IV

approach using the two-stage least squares method (2SLS). Krueger (1999) used

the random assignment as an IV to find a significant effect of class size on the aver-

age of the percentile ranks of reading, math, and word recognition scores from

Standard Achievement Tests (SAT, Finn, Boyd-Zaharias, Fish, & Gerber,

2007). Krueger and Whitmore (2001), using the same IV, found a significant effect

of class size on the likelihood of taking college entrance exam. Nye et al. (2004)

used the same IV to identify the effect of class size on student achievement scores

and gains. All these results are based on a univariate outcome analysis by com-

pletely observed cases or an ad hoc imputation such as a sample mean substitution.

Two of the major challenges in the analysis are how to handle the multiplicity of

outcomes such as reading, math, listening, and word recognition skills scores and

how to manage the problem of missing data. Some analysts have combined out-

comes into a single composite whereas others analyzed the data one outcome at

a time. While informative, the former cannot reveal impacts on specific tests and

the latter requires that effects on different outcomes be estimated on somewhat

different samples. In addition, analysts have either dropped cases with missing

observations or used ad hoc procedures to handle missing data such as a sample

mean substitution. Such an estimation requires a strong assumption of data

missing completely at random (MCAR; Little & Rubin, 2002; Rubin, 1976;

Schafer, 1997). These univariate analyses under the MCAR assumption are, in

general, inefficient and may result in biased inferences.

In this article, we propose a three-level multivariate simultaneous equation

model with an IV and apply maximum likelihood (ML) to estimate the causal
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effects of reduced class size on reading, math, listening, and word recognition

skills scores. By adopting this multivariate approach, we are able to use all

available data efficiently under a comparatively weaker assumption about

missing data. In particular, we assume ignorable missing data (Little & Rubin,

2002; Rubin, 1976). Our approach builds on the model-based missing data

methods at a single level (Dempster, Laird, & Rubin, 1977; Little & Rubin,

2002; Orchard & Woodbury, 1972; Rubin, 1976, 1987; Schafer, 1997) and

at two levels (Dempster, Rubin, & Tsutakawa, 1981; Liu, Taylor, & Belin,

2000; Schafer & Yucel, 2002; Shin & Raudenbush, 2007). Using the ML

approach, we estimate the causal effects more efficiently than can the 2SLS

approach (Bollen, 1996; Imbens & Rubin, 1997a, 1997b; Little & Yau,

1998). See Bollen et al. (2007) for a comparison between ML and 2SLS esti-

mators under a misspecified model. We also extend previous research by

studying a random coefficient approach to assess the heterogeneity of the class

size effects across schools (Goldstein, 2003; Raudenbush & Bryk, 2002).

To convey the motivation for our approach, let us formulate an IV model on a

univariate outcome at a single level, following the mediational model of

Raudenbush and Sampson (1999). The IV approach is shown in Figure 1, where

Zk is a random treatment assignment IV, Sk is a mediator, and Yk is an outcome

for k ¼ 1; . . . ;K. It assumes no direct effect of Zk on Yk , given Sk and correlated

disturbances ask and uk . The structural simultaneous equation model (SM) is

Yk ¼ b0 þ b1Sk þ uk ;

Sk ¼ gs0 þ gs1Zk þ ask ;
ð1Þ

for
uk

ask

� �
� N

0

0

� �
;

�yy �ys

�ys �ss

� �� �
. Model (1) implies that a unit increase in

Zk causes Sk to change by gs1 units on average and affects the outcome only

through its effect on the mediator. That is, CovðZk ; SkÞ 6¼ 0 and

EðZkukÞ ¼ EðZkaskÞ ¼ 0. The reduced-form SM given Zk to be estimated is

Yk

Sk

� �
¼ gy0 þ gy1Zk

gs0 þ gs1Zk

� �
þ ayk

ask

� �
� N

gy0 þ gy1Zk

gs0 þ gs1Zk

� �
;
�yy �ys

�ys �ss

� �� �
: ð2Þ

FIGURE 1. Simultaneous equation model (1) with an IV Zk .
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The effects gy1 and gs1 are causal. The structural SM (1) implies that

gy0 ¼ b0þ b1gs0, gy1 ¼ b1gs1, and ayk ¼ b1ask þ uk� Nð0; �yyÞ for

�yy ¼ b2
1�ssþ�yy þ 2b1�ys and �ys ¼ b1�ssþ�ys. The causal effect of the med-

iator on the outcome is b1 ¼ gy1=gs1.

Let ðYk ; SkÞ be subject to missingness and Ok be the observed value indicator

matrix such that Ok is a 2 � 2 identity matrix for both Yk and Sk observed, ½1 0�
for Yk observed and Sk missing and ½0 1� for Yk missing and Sk observed. The

observed data model is Ok
Yk

Sk

� �
� N Ok

gy0 þ gy1Zk

gs0 þ gs1Zk

� �
;Ok

�yy �ys

�ys �ss

� �
OT

k

� �
.

This observed model makes use of all available data, given completely observed

Zk . The extension to multivariate Yk and Sk subject to missingness is obvious.

SM (2) can be estimated from the observed data by ML via an iterative algorithm

such as the EM (Shin & Raudenbush, 2007).

Unlike the single-level SM (1), however, our data pose major challenges for the

causal inferences of reduced class size. First, the analysis requires a three-level

structural SM in which students are nested within classrooms and classrooms are

nested within schools. Student test scores are outcomes, class size is a mediator,

and class type is the IV. Thus, unlike the single-level reduced-form model (2), the

analysis involves estimation of a three-level reduced-form SM for achievement

scores and class size, given class type. Furthermore, the analysis must efficiently

handle missing data with a general missing pattern in estimation of the multilevel

reduced-form SM under an assumption of ignorable missing data. Moreover, the

single-level Rubin’s Causal Model (RCM; Angrist et al., 1996; Holland, 1986;

Imbens & Rubin, 1997a, 1997b; Rubin, 1978) and its compliance based on a binary

mediator must be extended to a multilevel model with a quantitative mediator,

class size. Finally, valid inference requires that we explore the heterogeneity of the

impact of class size across schools. To achieve this aim, we adopt a multivariate

random coefficient model. The Tennessee class size experiment exemplifies a

broader class of problems with these challenges.

In this article, we extend the SM (1) to a three-level SM to study the causal

effect of class size on student academic performance. We refer to a simultaneous

equation model as an ‘‘SM’’ to distinguish it from the popular mean and covar-

iance structure method commonly denoted as a ‘‘structural equation model’’ or

an ‘‘SEM’’ (Arbuckle, 1996; Bentler, 1995; Bollen, 1989; Jöreskog & Sörbom,

1996; Kaplan, 2000; Muthén, 1994). Indeed, these SEM methods, like ours, are

tailored to simultaneous equations, possibly with measurement errors in vari-

ables, and are based on normal theory. The main difference is that, unlike a con-

ventional SEM, we do not assume the existence of sufficient statistics (sample

means and covariances). Abandoning the requirement for sufficient statistics

allows for a more general missing pattern in the data and broadens the scope

of applications to include a multilevel SM with missing data and random

coefficients.
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Section 2 summarizes the STAR data for analysis followed by justification for

the assumption of ignorable missing data in Section 3. Sections 4 and 5 describe

the SM and its estimation with missing data. Section 6 illustrates the analysis.

The discussion follows.

2. Data for Analysis

The STAR project was a statewide effort to study the effect of reduced

class size on student academic performance in Tennessee. The study had lasted

from kindergarten to third grade between 1985 and 1989. State legislation

required the study to include schools located in inner city, suburban, urban,

and rural areas. Of all the Tennessee schools invited to join the study,

79 schools were selected to represent the four locations with enough kinder-

garten enrollment to create at least one in each of three class types: small

(13–17 students), regular (22–25 students), and regular with an aide (22–25

students). In subsequent years, some schools dropped out of the program leav-

ing 76 schools for first grade and one more withdrew leaving 75 for second

and third grades. In the fall of 1985, all incoming 6,325 students entering

79 kindergartens and their 325 teachers were randomly assigned to one of the

three class types. The randomization within each school resulted in 127 small,

99 regular, and 99 regular-with-aide classes. In the spring of 1986, the students

were assessed on reading, math, listening, and word recognition skills from

SAT (Finn et al., 2007). In the fall of 1986, new incoming 2,314 first graders

joining the STAR schools and all first-grade teachers were also randomly

assigned to one of the three class types. In the spring of 1987, first graders

were assessed on the four tests. In the next two school years, the same process

worked for new incoming 1,679 second and 1,283 third graders as well as all

second- and third-grade teachers. Second and third graders were also assessed

on the four outcomes in the springs of their respective school years. Once

assigned to a class type, students were to remain in the assigned class types

until completion of third grade. Despite the new incoming students each year,

others left the STAR schools leaving 6,829 first, 6,840 second, and 6,802 third

graders in the program. Of the 11,601 students in total who participated in the

program, only 22.6% participated from kindergarten to third grade. Due to

attrition and addition, some class sizes had ‘‘drifted’’’ from regular to small

sizes and vice versa (Finn et al., 2007; Nye et al., 2000). The number of stu-

dents for a small class ranged from 11 to 20 while that for the other two types

ranged from 15 to 30 in the four-year experiment.

We evaluate the impact of assigned class type and class size on the four out-

comes in a cross-sectional study for each school year from kindergarten to third

grade. Although the STAR data show that students stayed in the assigned class

for their first year, some attended classes of different types from their intent-

to-treat (ITT) random assignments in subsequent years (Krueger, 1999;
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‘‘Switching among class types,’’ Nye et al., 2000). For example, about 20% of

kindergarten students initially assigned to a regular or regular-with-aide class

would attend a small class in a later year while 17% of those assigned to a small

class would attend a class of the other types in subsequent years.

Even though the randomization does not sound perfectly executed,

evidence supports that it was successful (Finn et al., 2007; Krueger, 1999;

Krueger & Whitmore, 2001; Nye et al., 2004). Following the literature (Finn

& Achilles, 1990; Goldstein & Blatchford, 1998; Hanushek, 1999; Krueger,

1999; Krueger & Whitmore, 2001; Milesi & Gamoran 2006; Nye et al.,

1999; Nye et al., 2000), we focus our attention on the effect of the random

assignment to small versus regular (including regular-with-aide) class types.

In order to use one well-defined IV per pupil from kindergarten to third

grade, we analyze new students to STAR schools each year that sum up to

all 11,601 participants in the experiment. This strategy removes a possible

bias in the causal inference due to the ‘‘switching among class types’’ since

the switching happens to some students in subsequent years following their

first year at a STAR school. This approach also builds on the finding that

students improve most during the first year of random assignment to a small

class (Krueger, 1999).

The sample data consist of 6,325, 2,314, 1,679, and 1,283 new students

attending 325, 323, 321, and 311 classes in 79, 76, 75, and 75 schools from

kindergarten to third grade, respectively. Table 1 summarizes the STAR data for

analysis. Outcome variables of interest are norm-referenced total reading, total

math, total listening, and word study skills scale scores from SAT that could

be compared across years (Finn et al., 2007). Total reading and listening scale

scores were based on subtests of comprehension and vocabulary. Total math

scale score reflected mathematics problem solving as well as computation. The

word recognition exam tested a student’s ability to decode words based on their

letters and sounds. Small classes were 39%, 33%, 36%, and 40% from kindergar-

ten to third grade, respectively. Approximately 23%, 49%, 9%, and 19% of the

schools were located in suburban, rural, urban, and innercity areas, respectively.

Missing achievement scores ranged from 5.9% to 25.0%. One school in sec-

ond grade missed all student achievement scores in all four outcome measures.

One school in first grade and another in third grade had all reading scores miss-

ing. Seven, twenty-three, and twenty-five classes in first, second, and third

grades, respectively, missed all achievement scores in at least one of the four

tests. Among these classes, 21 missed all student scores in all four outcomes.

Conventional analysis would discard these schools and classes. Discarding a

school, for example, amounts to dropping all its nested classes and students along

with it from analysis. We use all these schools and classes in analysis because

they have observed class size and class type and thus provide information at the

school and class levels to strengthen inferences. The approach includes cases

having missing achievement scores at all levels so that it uses all available data
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for analysis. Consequently, we make robust inferences assuming a linear model

under normality and ignorable missing data.

3. Ignorable Missing Data

How reasonable is the assumption of ignorable missing data? Following Little

and Rubin (2002), let Y ¼ ðYmis;YobsÞ� f ðy j yÞ and M � gðm j y;fÞ denote

complete data and their missing value indicators, respectively, for missing

Ymis, observed Yobs, parameters y of interest, and nuisance parameters f govern-

ing the missing data mechanism. To assume ignorable missing data means that y
and f are distinct and that data are missing at random (MAR). The distinct para-

meter assumption is reasonable because there is little reason to believe that

knowing f of the missing data mechanism provides extra information on y. For

example, a student may not take an exam because she is sick or her family got

relocated out of Tennessee. It is not reasonable to believe that knowing such a

mechanism would provide more information about the causal effect of reduced

class size on pupil academic achievement. Data MAR implies that

gðm j y;fÞ ¼ gðm j yobs;fÞ, that is, the missing pattern is conditionally inde-

pendent of missing data given the observed data. If the MAR assumption fails

to hold, inference about y will be robust as long as the fraction of missing infor-

mation is small. This will occur either if there are few missing values or if the

association between Ymis and M is weak, given Yobs. If few values are missing,

then gðm j y;fÞ � gðm j yobs;fÞ; if the dependence of Ymis on M is weak given

Yobs, then gðm j y;fÞ¼ gðm j yobs;fÞ
f ðymis j yobs;m;yÞ

f ðymis j yobs;yÞ
where f ðymis j yobs;m;yÞ�

f ðymis j yobs;yÞ. The MAR assumption is approximately correct in either case,

given distinct y and f. Hence, the robustness holds under likelihood-based

inference using Yobs. The STAR experiment exemplifies the latter with highly

correlated academic achievement scores subject to missingness.

Because the high correlations among achievement scores range 0.50 and 0.91,

it is plausible that missing achievement scores Ymis and M are conditionally inde-

pendent given Yobs. However, we cannot test f ðymis j yobs;m; yÞ ¼f ðymis j yobs; yÞ
based on missing scores for the MAR assumption (Mealli, Imbens, Ferro, &

Biggeri, 2004). Because baseline test scores of students are not available in the

STAR experiment, we do not know whether schools or classes having missing

data or attrition were high or low achieving. Let MR; MM ; ML, and MW denote

missing data indicators for READ, MATH, LISTEN, and WORD such that each

indicator is 1 if the corresponding score is missing and 0 otherwise. With 16

missing data patterns, it is difficult to show data by less frequently occurring pat-

terns. Table 2 displays the number of students, mean class sizes, proportion of

Black students, and proportion of students receiving free or reduced-price lunch

by two most frequent and all other missing data patterns. Students with missing

pattern ðMR;MM ;ML;MW Þ ¼ ð1; 1; 1; 1Þ may have attrited. Nye et al. (2000)

Causal Effect of Class Size

161

 by guest on December 8, 2011http://jebs.aera.netDownloaded from 

http://jebs.aera.net


found that bias in the treatment effect of small class type due to attrition was

unlikely. Class size and covariates across missing data patterns look unbalanced.

For example, the mean class sizes among students with fully observed scores

(MR ¼ MM ¼ ML ¼ MW ¼ 0) are lower than those among students with all

scores missing. The proportion of Black students among those with fully

observed scores is higher than that among students with missing scores in all

years but kindergarten. The proportion of free or reduced-price lunch recipients

among students with fully observed scores is lower than that among students with

missing scores each year. These observations show that the missing data mechan-

ism is associated with some observed covariates. This means that the assumption

of data MCAR is not valid; and because past analyses have implicitly assumed

MCAR, this violation may be consequential for statistical inference in those stud-

ies. Our approach makes a weaker assumption, of data MAR, which requires that

unobserved covariates are not associated with missingness after controlling for

the observed covariates. This assumption cannot be checked and may not hold.

TABLE 2

Association Between Observed Variables and Missing Data Patterns

All Data

Data by Missing Pattern

ðMR;MM ;ML;MW Þ

(0,0,0,0) (1,1,1,1) others

A. Kindergarten

Number of students 6,325 5730 418 177

Mean class size 20.34 20.28 20.71 21.20

Proportion Black 0.33 0.32 0.37 0.36

Proportion receiving free or reduced-price lunch 0.48 0.48 0.51 0.49

B. First grade

Number of students 2314 2,052 122 140

Mean class size 21.86 21.68 22.74 23.84

Proportion Black 0.38 0.39 0.26 0.31

Proportion receiving free or reduced-price lunch 0.61 0.60 0.72 0.72

C. Second grade

Number of students 1,679 1,245 185 249

Mean class size 21.88 21.86 22.19 21.71

Proportion Black 0.46 0.49 0.34 0.42

Proportion receiving free or reduced-price lunch 0.65 0.62 0.80 0.68

D. Third grade

Number of students 1,283 985 168 130

Mean class size 21.83 21.94 22.75 19.89

Proportion Black 0.40 0.42 0.31 0.35

Proportion receiving free or reduced-price lunch 0.65 0.63 0.78 0.60
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Indeed, the fact that we have discovered associations between observed covari-

ates and missingness may suggest that there will be unobserved covariates asso-

ciated with missingness, and this association may not be completely explained by

controlling for observed covariates. However, an advantage of our approach is

that such violations will have little effect if the missing data are strongly associ-

ated with the observed data. Because our missing data are outcomes that are

strongly correlated with the four outcomes we have observed, and because our

analysis uses data from all of these outcomes simultaneously, we reason that our

inferences are arguably quite robust in the presence of plausible violations of

MAR.

Frangakis and Rubin (1999) and Mealli et al. (2004) considered binary com-

pliance and subsequent missing outcomes in their ITT analysis. They compared

two compliance statuses, never takers and compliers, under an implicit assump-

tion of monotonicity (Angrist et al., 1996). They also assumed ‘‘latent ignorabil-

ity’’ of missing data, given a latent binary compliance status that amounted to an

assumption of nonignorable missing data. For the Tennessee class size experi-

ment, the treatment received is quantitative class size and we call it the dosage.

TABLE 3

Missing Patterns (MR, MM, ML, MW) by Class Type Z and Class Size S

All Z ¼ 1 Z ¼ 1 Z ¼ 1 Z ¼ 0 Z ¼ 0 Z ¼ 0

S � 19 S > 19 S > 19 S � 19

A. Kindergarten

Number of students 6,325 1,900 1,900 0 4,425 4,008 417

(0,0,0,0) 0.91 0.91 0.91 0 0.91 0.90 0.93

(1,1,1,1) 0.07 0.07 0.07 0 0.07 0.07 0.05

Other patterns 0.03 0.03 0.03 0 0.03 0.03 0.02

B. First grade

Number of students 2,314 385 379 6 1,929 1,818 111

(0,0,0,0) 0.89 0.89 0.88 1 0.89 0.89 0.90

(1,1,1,1) 0.05 0.07 0.07 0 0.05 0.05 0.05

Other patterns 0.06 0.05 0.05 0 0.06 0.04 0.05

C. Second grade

Number of students 1,679 366 366 0 1,313 1,262 51

(0,0,0,0) 0.74 0.68 0.68 0 0.76 0.75 0.88

(1,1,1,1) 0.11 0.13 0.13 0 0.11 0.11 0.04

Other patterns 0.15 0.19 0.19 0 0.14 0.14 0.08

D. Third grade

Number of students 1,283 373 373 0 910 900 10

(0,0,0,0) 0.77 0.71 0.71 0 0.79 0.79 0.80

(1,1,1,1) 0.13 0.09 0.09 0 0.15 0.15 0.10

Other patterns 0.10 0.20 0.20 0 0.06 0.06 0.10
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Some small and regular class sizes ‘‘drifted’’ larger and smaller than some class

sizes of their counterpart types, respectively. We may define the students as

defiers or never takers in such small classes and as defiers or always takers in

such regular classes although defiers whose parents and teachers always go

against the assigned class type seem unlikely. With these noncompliers, it is not

reasonable to assume monotonicity for our analysis. Like the compliance status

in Frangakis and Rubin (1999) and Mealli et al. (2004), however, class type and

class size were determined in the fall and achievement tests were administered in

the spring of each school year for the STAR experiment. Consequently, the

dosage may have affected the missing data mechanism. Although we cannot dis-

tinguish always takers from compliers in small classes and never takers from

compliers in regular classes, with the intended ranges of 13 to 17 students in

small classes and 22 to 25 students in regular classes, we define observed non-

compliers as students whose class sizes are >19 in small classes and �19 in reg-

ular classes. If compliance affects the missing data mechanism, it will be

reflected in the observed missing patterns, as missing rates are radically different

between compliers and never takers in Mealli et al. (2004).

Table 3 shows the number of students and the proportions of two most

frequent and all other missing data patterns by all data, class type, and the

observed compliance statuses. There are no or very few observed noncompliers

in small classes so that it is hard to see differences in missing rates. Although

missing rates appear higher among observed noncompliers in regular classes for

second graders, the comparison is based on only 51 noncompliers who may have

up to 16 missing patterns. Unlike the apparent difference in missing rates by

observed compliance status in Mealli et al. (2004), the evidence is not convincing

that compliance status is associated with missing data mechanism.

4. Model

This section extends the single-level SM (1) to three levels, making the model

assumptions explicit in the framework of the RCM (Angrist et al., 1996; Holland,

1986; Imbens & Rubin, 1997a; Rubin, 1978). Because the extended SM has mul-

tiple levels with a quantitative mediator, the RCM assumptions and its compli-

ance based on a binary mediator at a single level must be extended. First, we

clarify the model assumptions and propose the three-level structural SM for our

causal inferences. We then describe the reduced-form model for estimation and

its relation to the structural SM as in between single-level SMs (1) and (2). Next,

we explain how to handle ignorable missing data with a general missing pattern

in the reduced-form SM as we have done with the single-level model (2).

4.1. Extended Rubin’s Causal Model

Most applications of RCM to noncompliance have considered a binary treat-

ment assignment and a binary mediator within a single-level modeling
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framework in which interference between units is implausible. We must extend

this logic to the case of a continuous mediator within a three-level framework in

which interference between units becomes likely. In particular, we invoke an

exclusion restriction based on a linear dose-response model, and we invoke

assumptions of ‘‘intact schools’’ and ‘‘no interference between classrooms’’

(Hong & Raudenbush, 2006) along with the standard assumptions of random

treatment assignment and a nonzero impact of the assigned treatment on the

mediator.

To make the model assumptions explicit, let Zijk ¼ 1 if student i attending

classroom j in school k is assigned to a small class type and Zijk ¼ 0 otherwise

for i ¼ 1; . . . ; njk , j ¼ 1; . . . ; Jk , and k ¼ 1; . . . ;K. Then, Zjk ¼ ðZ1jk ; . . . ; Znjk jkÞ
are the class types of her njk classmates, Zk ¼ ðZ1k ; . . . ;ZJk kÞ of her

Nk ¼
P

j njk schoolmates and Z ¼ ðZ1; . . . ;ZKÞ ¼ ðZijk ;Z�ijkÞ of N ¼
P

k Nk

students in the entire sample where Z�ijk denotes a vector of the small class type

indicators for all other students except for her. Likewise, let A�ijk be her potential

school assignment, the assigned school’s identification number, and A�jk , A�k , and

A� be the potential school assignments of her njk classmates, of her Nk school-

mates, and of all N students, respectively, such that Sjk ¼ SjkðZ;A�Þ denotes her

potential class size. Then, Sk ¼ SkðZ;A�Þ ¼ ðS1k ; . . . ; SJk kÞ are the potential

class sizes of all classes in her school and S ¼ SðZ;A�Þ ¼ ðS1; . . . ; SKÞ are the

potential class sizes of all J ¼
P

k Jk classes such that Y1ijkðS;Z;A�Þ are her

potential achievement scores. In this framework, the class types of other students

may influence the student in her academic achievement. Causal inferences of

class size with all STAR students, for example, have to take this framework

where ‘‘switching among class types’’ happens. In such cases, the more class-

mates or the more friends in the same neighborhood assigned to a small class

or the higher her school proportion of small classes, the higher her academic

achievement may be. An analyst has to consider the influence of Z�ijk on the

potential outcomes. A simplified functional influence fjkðZ�ijkÞ such as class

and school proportions of small class types may be considered so that the

potential outcomes are Sjk ½Zijk ; fjkðZ�ijkÞ;A�� and Y1ijkfS½Zijk ; fjkðZ�ijkÞ;A��;Zijk ;

fjkðZ�ijkÞ;A�g (Verbitsky & Raudenbush, 2004).

Our analysis of the new STAR students is simpler because classmates share

the same class type so that Zijk ¼ Zjk for all classmates of class j in school k. Now,

we may denote Zk ¼ ðZ1k ; 	 	 	 ; ZJk kÞ for the school and Z ¼ ðZ1; 	 	 	 ;ZKÞ for all

J classes. To estimate our estimands E½Y1ijkðS;Z;A�Þ��E½Y1ijkðS0;Z0;A�
0 Þ� and

E½SjkðZ;A�Þ� � E½SjkðZ0;A�
0 Þ�, we extend the single-level RCM to three levels

with a continuous mediator by the following assumptions:

1. Intact schools. Students randomly assigned to schools are unrealistic. We want to

generalize the results of the analysis to a set of existing schools. Thus, we estimate
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the causal estimands, given observed school assignments A� ¼ a� in sample. This

assumption enables us to write the potential outcomes SjkðZ;a� j A� ¼ a�Þ ¼ SjkðZÞ
and Y1ijkðS;Z;a� j A� ¼ a�Þ ¼ Y1ijkðS;ZÞ and the causal estimands

E½SjkðZÞ��E½SjkðZ0Þ� and E½Y1ijkðS;ZÞ��E½Y1ijkðS0;Z0Þ�.

2. No interference between classes. The potential class size for class j in school k

does not depend on the treatment assignment of any other class in that or any other

school: SjkðZÞ ¼ SjkðZjkÞ. The potential outcomes for a student can depend on the

treatment assignment of that student’s classmates but not on the treatment assign-

ment of students in other classes: Y1ijkðS;ZÞ ¼ Y1ijkðSjk ; ZjkÞ.

3. Random treatment assignment. The class type assignment Zjk is random.

4. Exclusion restriction. Y1ijkðS;ZÞ ¼ Y1ijkðS;Z0Þ for all Z and Z0 and for all S. By

virtue of assumption 2, Y1ijkðSjk ; ZjkÞ ¼ Y1ijkðSjk ; Z
0
jkÞ for all Zjk and Z 0jk and for all

Sjk . As a result, Y1ijkðSjk ; ZjkÞ ¼ Y1ijkðSjkÞ for all Zjk and Sjk .

5. Nonzero average causal effect of class type on class size. The average causal effect

of treatment assignment on class size is nonzero: E½SjkðZjkÞ � SjkðZ 0jkÞ� 6¼ 0 for all

Zjk 6¼ Z 0jk .

We are interested in two estimands: the average causal effect of treatment assign-

ment on the realized class size, that is E½Sjkð1Þ � Sjkð0Þ� or the average

‘‘dosage’’; and the average causal effect of the realized class size or the dosage

on student academic achievement given treatments, EfY1ijk ½Sjkð1Þ��Y1ijk

½Sjkð0Þ�g. Because treatment assignment was randomized within each school, it

is not completely random and violates assumption 3. Consequently, the treatment

assignment Zjk may have confounders at the school level and the estimated

effects may not be causal. Throughout this article, we assess the effect of such

confounding on our causal inferences.

Angrist and Imbens (1995) extended the RCM to a single-level IV method

with a mediator having variable treatment intensity and estimated causal effects

by 2SLS. Frangakis, Rubin, and Zhou (2002) took a Bayesian approach to a med-

iator with three levels in ‘‘clustered encouragement designs’’ where each doctor

was randomized to encourage or not encourage her patients to take a treatment at

the cluster level and where unobserved potential outcomes including unobserved

compliance statuses of patients were considered missing at the individual level.

Frangakis et al. (2004), in longitudinal analysis of a time-to-event outcome, used

a quantitative exogenous factor for treatment assignment and an endogenous bin-

ary indicator for exposure to the treatment. Unlike these approaches assuming

monotonicity in compliance status (Angrist et al., 1996; Angrist & Imbens,

1995; Frangakis et al., 2002; Frangakis et al., 2004), we cannot base our analysis

on the same assumption since some class sizes ‘‘drifted’’ from regular to small

sizes and vice versa (Finn et al., 2007; Nye et al., 2000). That is, it is not reason-

able to assume that a regular class size is greater than or equal to a small class

size. Next, we explain our causal model and identify the causal effects of interest.
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4.2. Structural Model

We extend the single-level RCM to a three-level multivariate SM with a con-

tinuous mediator where outcomes and the mediator may be subject to be missing.

Let Y T
1ijk ¼ ½READijk MATHijk LISTENijk WORDijk �, Sjk be class size, and Zjk

be randomly assigned class type for student i attending class j in school k where

Zjk is 1 if the class is of a small type and 0 otherwise. We propose an SM, given

the assigned class type Zjk

Y1ijk ¼ b0 þ b1Sjk þ uk þ njk þ e1ijk ;

Sjk ¼ gs0 þ gs1Zjk þ ask þ bsjk ;
ð3Þ

where b1 is a vector of the causal effects of class size on Y1ijk , gs1 is the

causal effect of class type on Sjk , and
uk

ask

� �
� N 0;

�yy �ys

�sy �ss

� �� �
,

njk

bsjk

� �
�

N
0

0

� �
;

�yy �ys

�sy css

� �� �
, and e1ijk � Nð0;�Þ are independent.

The structural SM (3) depicted in Figure 2 implies that the exogenous IV Zjk has a

nonzero causal effect gs1 on the endogenous regressor Sjk and affects Y1ijk only

through its effect on class size. That is, CovðSjk ; ZjkÞ 6¼ 0 and

EðZjkukÞ ¼ EðZjknjkÞ ¼ EðZjkaskÞ ¼ EðZjkbsjkÞ ¼ 0. Class size Sjk is a principal

surrogate in the sense of Frangakis and Rubin (2002). Consequently, SM (3)

explains that Zjk causes class size to change by gs1 units and a unit change in

class size, in turn, causes student academic achievement to change by b1

units, on average. The SM (3) implies that the randomized ITT Zjk induces or

causes dosage, Sjkð1Þ �Sjkð0Þ, and the dosage causes Y1ijk to change by

gs1 � b1 units on average. Therefore, the SM yields two estimands of interest:

E½Sjkð1Þ� Sjkð0Þ� ¼ gs1, the average dosage and EfY1ijk ½Sjkð1Þ��Y1ijk

½Sjkð0Þ�g ¼ b1 � gs1, the average dosage effects on student academic achievement.

FIGURE 2. Three-level causal SM (3) with IV, Zjk.
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4.3. Estimation Model

The structural model (3) yields the reduced-form SM of Y1ijk and Sjk given Zjk

Y1ijk

Sjk

� �
¼ gy0 þ gy1Zjk

gs0 þ gs1Zjk

� �
þ ayk

ask

� �
þ byjk

bsjk

� �
þ e1ijk

0

� �
ð4Þ

where
ayk

ask

� �
� N 0;

�yy �ys

�sy �ss

� �� �
,

byjk

bsjk

� �
� N 0;

cyy cys

csy css

� �� �
, and

e1ijk � Nð0;�Þ. The effects ðgy0; gy1; gs0; gs1Þ are causal. Model (3) implies

gy0 ¼ b0 þ b1gs0, gy1 ¼ b1gs1, ayk ¼ b1ask þ uk � Nð0; �yyÞ and byjk ¼
b1bsjk þ njk � Nð0;cyyÞ for �yy ¼ b1�ssb

T
1 þ�yy þ b1�sy þ�ysb

T
1 , �ys ¼

b1�ss þ�ys, cyy ¼b1cssb
T
1þ�yy þ b1�sy þ �ysb

T
1 , and cys ¼ b1css þ �ys. The

parameters of interest are b1 ¼ gy1=gs1, b0 ¼ gy0 � b1gs0, �ys ¼ �ys � b1�ss,

�yy ¼ �yyþ b1�ssb
T
1�ðb1�sy þ �ysb

T
1 Þ, �ys ¼ cys � b1css, and �yy ¼

cyy þ b1cssb
T
1� ðb1csy þ cysb

T
1 Þ.

Although the structural and reduced-form models (3) and (4) reveal their

relation clearly, the reduced-form SM at school k is indispensable for estimation.

Let Y1jk ¼ ½Y T
11jk Y T

12jk . . . Y T
1njk jk �

T
and e1jk ¼ ½eT

11jk eT
12jk . . . eT

1njk jk �
T

such

that Y1k ¼½Y T
11k Y T

12k . . . Y T
1Jkk �

T
, Sk ¼ ½S1k S2k . . . SJk k �T , gy ¼ ½gT

y0 gT
y1�

T
, gs ¼

½gs0 gs1�T , byk ¼ ½bT
y1k bT

y2k . . . bT
yJk k �

T
, bsk ¼ ½bs1k bs2k . . . bsJk k �T , and e1k ¼

½eT
11k eT

12k . . . eT
1Jk k �

T
. For a positive integer n, let In and 1n denote an n � n

identity matrix and a vector of n ones, respectively. The reduced-form model

at cluster k is

Yk ¼ Xkgþ Akak þ Bkbk þ ek � NðXkg;VkÞ; ð5Þ

for responses Yk ¼
Y1k

Sk

� �
, a known matrix Xk ¼

Xyk 0

0 Xsk

� �
of covariates

having fixed effects g ¼ gy

gs

� �
, known matrices Ak ¼

Ayk 0

0 Ask

� �
and

Bk ¼
Byk 0

0 IJk

� �
of covariates having random effects ak � Nð0; �Þ and

bk � Nð0;CkÞ, respectively, ek � Nð0;FkÞ and Vk ¼ Ak�AT
k þ BkCkBT

k þ Fk

where ak ¼
ayk

ask

� �
, �¼ �yy �ys

�sy �yy

� �
, bk ¼

byk

bsk

� �
, Ck ¼

IJk

cyy IJk


cys

IJk

csy IJk


css

� �
,

ek ¼
e1k

0

� �
, and Fk ¼

F1k 0

0 0

� �
for F1k ¼ INk


�. With no covariate having

a random effect, we would have Ayk¼1Nk

I4, Ask¼1Jk

, and Byk¼ð�Jk

j¼11njk
Þ
I4.
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4.4. Simultaneous Equation Model With Missing Data

Let Ok be an observed-value indicator matrix for Yk . Each row of Ok contains

a single 1 for the corresponding observed value in Yk and all others equal to zero

such that the observed data Ykobs ¼ OkYk . Let Xkobs ¼ OkXk . The observed data

model Ykobs� NðXkobsg;VkobsÞ for Vkobs ¼ OkVkOT
k involves all available data

in model (5). Estimation of the model (5) is based on the observed model by

ML via an iterative algorithm such as the EM and Fisher scoring. Although class

sizes Sk are completely observed in the sample for analysis, the approach may be

extended to allow missing predictors as well as outcomes with a general missing

pattern at any of the three levels.

5. Estimation

In this section, we sketch the ML estimation of parameters y ¼ ð�;cyy;
cys;css;�; gÞ for the reduced-form model (5) subject to missingness via the

EM algorithm on variance components (Dempster et al., 1977) and Fisher scor-

ing on fixed effects g (Longford, 1987). This combination hastens convergence

of parameter estimates (Shin & Raudenbush, 2007). See the Appendix for details.

Let Y ¼ ðY1; Y2; 	 	 	 ; YKÞ ¼ ðYobs; YmisÞ, a ¼ ða1; 	 	 	 ; aKÞ, and by ¼ ðby1; 	 	 	 ;
byKÞ for observed Yobs and missing Ymis. We view ðY ; a; byÞ as the complete data

and ðYmis; a; byÞmissing. Complete-data ML estimators �̂; ĉyy; ĉys;ĉss, and �̂ are

obtained from the complete-data log likelihood lðy j Y ; a; byÞ. The E components

are E½ek j Ykobs�, E½bk j Ykobs�, E½ak j Ykobs�, E½ekeT
k j Ykobs�, E½bkbT

k j Ykobs�, and

E½akaT
k j Ykobs�.

Let the score function and the expected Hessian matrix be

S ¼
P

k X T
kobsV

�1
kobsðYkobs � XkobsgÞ and EH ¼ �

P
k X T

kobsV
�1
kobsXkobs. The

updating formula equivalent to that of the Newton–Raphson method is

ĝ ¼ g� ðEHÞ�1
S ¼ ð

X
k

X T
kobsV

�1
kobsXkobsÞ�1

X
k

X T
kobsV

�1
kobsYkobs.

Let j contain distinct elements in ð�;cyy;cys;css;�Þ. Fisher information for

y is IFS ¼diagfIff; Iggg where Ijj ¼
1

2

XK

k¼1

�
qvecVkobs

qjT

�T

ðV�1
kobs 
 V�1

kobsÞ

qvecVkobs

qjT
and Igg ¼

PK
k¼1 X T

kobsVkobs
�1Xkobs. The asymptotic variance–covar-

iance matrix of ŷ is I�1
FS .

In the next section, we demonstrate how to estimate the causal effects of class

size on academic achievement scores subject to missingness. The reduced-form

SM (4) is estimated by an authors’ C program via ML and translated into the

structural equation (3). The convergence criterion is the difference in the

observed log likelihoods between two consecutive iterations taken to be less than

10�6. The statistical significance of an estimate is discussed at a significance

level 0.05.
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6. Analysis

This section demonstrates how to estimate the causal effects of class size

through an IV on student achievement scores that are subject to missingness.

We begin with estimation of the causal ITT effects on the academic achievement

scores, referring to the model as ‘‘3L ITT.’’ The preceding ‘‘3L’’ stands for three

levels. Then, we estimate the structural SM (3) with random intercepts, referring

to it as ‘‘3L Random Int.’’ as opposed to ‘‘3L Random Coef.,’’ an SM with class

size having random coefficients across schools later in this article. Finally, we

estimate a 3L Random Coef., where the causal effects of class size on the out-

comes may be heterogenous across schools. A potential problem with these mod-

els is that the assigned class type, randomized within a school, violates the

random treatment assignment assumption and may have school-level confoun-

ders. To see if the confounders seriously bias the causal inferences in each of

these models, the resulting estimates are compared to those of an alternative

model that controls for all school-level covariates, observed and unobserved,

using school fixed effects.

TABLE 4

ITT Effect Estimates (Standard Errors) Under Three-Level ITT Model (6) and Under

Two-Level ITT Model (7)

Outcome Gr.

3L ITT 2L ITT

gy1 gy1

K 5.31 (0.98) 5.42 (1.21)

READ 1 7.82 (2.27) 7.01 (2.91)

2 4.04 (2.13) 4.15 (2.70)

3 5.25 (1.84) 5.55 (2.50)

K 8.14 (1.56) 8.33 (1.92)

MATH 1 7.93 (1.82) 8.00 (2.31)

2 0.91 (2.20) 2.73 (2.75)

3 9.00 (2.03) 9.86 (2.66)

K 3.40 (0.99) 3.36 (1.22)

LISTEN 1 5.00 (1.43) 4.76 (1.82)

2 2.09 (1.70) 2.34 (2.16)

3 4.22 (1.77) 4.76 (2.28)

K 5.88 (1.11) 6.02 (1.38)

WORD 1 9.31 (2.36) 8.32 (3.01)

2 3.42 (2.37) 3.66 (3.04)

3 6.20 (2.09) 7.36 (2.82)
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6.1. ITT Causal Effect

This section begins with the causal effects of the ITT treatment assignment on

student achievement scores. The magnitude of an ITT effect reveals how effec-

tive the intent to treat a student to reduced class size is in improving her academic

achievement and thus may serve as a measure of how successful such policymak-

ing is. Such an ITT effect is estimated by the following model:

Y1ijk ¼ gy0 þ gy1Zjk þ ayk þ byjk þ e1ijk ; ð6Þ

where Y1ijk is a vector of the four achievement scores, Zjk is the ITT small class

indicator, gy1 are the causal effects of Zjk on the outcomes, ayk � Nð0; �yyÞ,
byjk � Nð0;cyyÞ, and e1ijk � Nð0;�Þ.

The estimated ITT effects appear under 3L ITT in Table 4. Positive ITT

effects imply that students assigned to a small class as opposed to a regular class

improve their academic achievement on average although the effects on MATH,

LISTEN, and WORD are insignificant for second graders. Our causal inferences

may be based on multiple comparisons whose familywise error rate is

conservative due to highly correlated achievement scores. First graders assigned

to a small class as opposed to a regular class, for example, score 7.82, 7.93, 5.00,

and 9.31 points higher in reading, math, listening, and word recognition skills

tests, respectively, on average. With the average sample dosage, �7.18, the

results amount to 1.09, 1.10, 0.70, and 1.30 point improvements per student

reduction in class size on READ, MATH, LISTEN, and WORD, respectively.

If the exclusion restriction is really correct, we ought to be able to predict the

average dosage effect on academic achievement using two pieces of information:

the average effect of the assigned class type on the realized class size and the

average effect of the assigned class type on the achievement outcome. For exam-

ple, we found that the average effect of being assigned to a small class type was

�7.18 students on the realized class size; and we estimated the average effect of

being assigned to a small class type was 7.82 points on the reading score. There-

fore, under the exclusion restriction, we would expect the dose-response relation-

ship to be 7.82/7.18¼ 1.09 point improvement per classmate reduction. We shall

subsequently compare this informal estimate with our model-based estimate.

To rule out confounding between Zjk and school-level covariates, we compare

the estimated 3L ITT to the estimates of the following two-level ITT model

Y1ij ¼ gy0 þ gy1Zj þ gy2Xj þ byj þ e1ij; ð7Þ

where Y1ij is a vector of the four test scores, Zj is class type, Xj is a vector of

school indicators, bsj� Nð0;cyyÞ and e1ij� Nð0;�Þ for student i attending class

j. If confounding is severe enough to bias our causal inferences, it would show up

as differences in the effect estimates across the three- and two-level models. We

call the two-level model ‘‘2L ITT.’’ The 2L ITT was estimated according to the

missing data method of Shin and Raudenbush (2007) that uses all available data
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under an assumption of ignorable missing data. The estimates are displayed

under 2L ITT in Table 4. The estimated effects are in close range to their counter-

parts under 3L ITT. The standard errors are relatively inflated under 2L ITT. This

illustrates the gain in efficiency of a three-level model relative to a two-level

counterpart when the sample data has three levels under the normal linear model

assumptions. Because the estimates are close to each other across the two mod-

els, serious bias in the causal inferences due to confounders seems unlikely.

Some researchers have studied the effect of the randomly assigned ITT class

type on academic achievement while others have analyzed the effect of the actual

class type to which a student belonged (Krueger, 1999; Krueger & Whitmore,

2001; Nye et al., 2000; Word et al., 1990). These analyses considered all students

for analysis under data MCAR from kindergarten to third grade. Although infor-

mative, the estimated effect of reduced class size on academic achievement may

not be causal because a number of students switched class types after their first

year in experiment. For example, about 20% of kindergarten students initially

assigned to a regular class would attend a small class in a later year, while

17% of those assigned to a small class would attend a regular class in subse-

quent years. Such movement may be attributable to student characteristics

such as behavioral problem and strong academic background, parent com-

plaints, and teacher and school characteristics. Consequently, the produced

effect of class type may be confounded with the effect of the mechanism that

caused class types to be switched.

On the contrary, the 3L ITT in Table 4 reveals the causal ITT effects that are

subject-specific on each of the four achievement scores each year. Consequently,

rather than cost-benefit analysis that applies equally to all subjects (Krueger,

1999), the 3L ITT enables such analysis and subsequent policymaking in class

size to be subject-specific. However, the long-term cost-benefit analysis of

reduced class size requires a more extensive longitudinal analysis that is beyond

the scope of the current study.

6.2. Causal Effect of Class Size

In this section, we estimate the 3L Random Int. where Y1ijk is a vector of four

achievement scores, Sjk is class size, and Zjk is the assigned class type. The esti-

mated model (3) is displayed under 3L Random Int. in Table 5. The negative

signs of causal effects b1 indicate the negative causal relationship between class

size and student academic achievement. Reduced class size causes student aca-

demic performance to improve in all four outcomes throughout the four years

although the causal effects of class size on second-grade MATH, LISTEN, and

WORD are weak. One student reduction in class size for first graders, for example,

causes their READ, MATH, LISTEN, and WORD to improve by 1.09, 1.09, 0.70,

and 1.29 points on average, respectively. Recall that under the exclusion restriction,

an informal effect estimate of class size on READ was 7.82/7.18 ¼ 1.09 point
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improvement per classmate reduction. The likewise effects on MATH, LISTEN, and

WORD were 1.10, 0.70, and 1.30 point improvements per student reduction in first

grade. These informal effect estimates are very close to the model-based counterparts

in Table 5 in first grade. Similar comparisons result in other grades. Consequently,

the intent to treat a student to reduced class size is well reflected through its dosage

on academic achievement. Although we cannot test the exclusion restriction based

on potential outcomes, these comparisons certainly strengthen its plausibility.

Because treatment assignment was randomized within a school, Zjk may have

confounders at the school level. Consequently, the causal effect estimators of

class size may be biased. To see if school location may be a confounder, we rees-

timated the 3L Random Int., controlling for the location; suburban, urban, rural,

or innercity. The resulting estimates for the causal effects were close to those in

Table 5 with the same statistical inferences. Although the school location is not a

serious confounder of the IV, it is possible that other school-level confounders

exist. To investigate the possibility, we controlled for the fixed effect of each

school on each outcome of the SM (4), making the outcome free of school-

level variability. That produces a two-level structural SM

Y1ij ¼ b0 þ b1Sj þ b2Xj þ nj þ e1ij;

Sj ¼ gs0 þ gs1Zj þ gT
s2Xj þ bsj;

ð8Þ

TABLE 5

Estimates (Standard Error) of Three-Level 3L Random Int. and Two-Level 2L Fixed

Outcome Gr.

Causal Effects b1

3L Random Int. 2L Fixed

K �0.72 (0.13) �0.74 (0.17)

READ 1 �1.09 (0.32) �0.98 (0.41)

2 �0.52 (0.27) �0.52 (0.34)

3 �0.66 (0.23) �0.70 (0.31)

K �1.11 (0.21) �1.14 (0.26)

MATH 1 �1.09 (0.26) �1.10 (0.33)

2 �0.11 (0.27) �0.34 (0.35)

3 �1.14 (0.25) �1.25 (0.33)

K �0.46 (0.14) �0.46 (0.17)

LISTEN 1 �0.70 (0.20) �0.67 (0.25)

2 �0.25 (0.21) �0.29 (0.27)

3 �0.54 (0.22) �0.61 (0.28)

K �0.80 (0.15) �0.82 (0.19)

WORD 1 �1.29 (0.33) �1.17 (0.42)

2 �0.46 (0.29) �0.46 (0.38)

3 �0.78 (0.26) �0.91 (0.35)
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where Y1ij is a vector of the four achievement scores, Sj is class size, Zj is class

type, Xj is a vector of school indicators, ðb0;b1; gs0; gs1Þ are defined as in the 3L

Random Int., b2 is a matrix of fixed school effects on Y1ij, gs2 is a vector of fixed

school effects on Sj,
nj

bsj

� �
� N 0;

�yy �ys

�sy css

� �� �
and e1ij� Nð0;�Þ for student

i ¼ 1; . . . ; nj attending class j ¼ 1; . . . ; J . We refer to this model as ‘‘2L Fixed’’

to denote a two-level SM with fixed school effects. The reduced-form model is

Y1ij

Sj

� �
¼ gy0 þ gy1Zjk þ gy2Xj

gs0 þ gs1Zj þ gT
s2Xj

� �
þ byj

bsj

� �
þ e1ij

0

� �
ð9Þ

where
byj

bsj

� �
� N 0;

cyy cys

csy css

� �� �
and e1ij� Nð0;�Þ. The 2L Fixed implies

gy1 ¼ b1gs1, gy0 ¼ b0þ b1gs0, gy2 ¼ b2þ b1g
T
s2, and byj ¼njþ b1bsj� Nð0;cyyÞ

for cyy ¼ �yyþ b1cssb
T
1 þ�ysb

T
1 þ b1�sy and cys ¼ �ysþ b1css. The parameters

of interest are b1 ¼ gy1=gs1, b0 ¼ gy0� b1gs0, �ys ¼ cys� b1css, and

�yy ¼ cyy�cysb
T
1 � b1csyþ b1cssb

T
1 . The reduced-form model (9) with missing

data has been estimated according to the method of Shin and Raudenbush (2007),

which makes use of all classes and schools under an assumption of ignorable

missing data.

Table 5 lists the estimated causal effects of the model (8) under 2L Fixed. Free

of confounding, the 2L Fixed confirms that reduced class size causes students to

improve their academic performance in all outcomes throughout the 4 years. The

estimates between 3L Random Int. and 2L Fixed are close to each other with no seri-

ous sign of confounding. The causal effects under the two SMs result in the same

statistical inferences except for one on the reading scores for the second graders,

0.52 (0.27) under 3L Random Int. and 0.52 (0.34) under 2L Fixed. With the same

causal effect estimates, the relative imprecision of the estimated 2L Fixed to the

three-level counterpart is to blame. In fact, the standard errors of the two-level

estimates under 2L Fixed are 21% to 35% higher than their counterparts. This illus-

trates the gain in efficiency of a three-level model relative to a two-level counterpart

when the sample data has three levels under the normal linear model assumptions.

Krueger (1999) examined the causal impact of class size on average percentile

ranking of READ, MATH, and WORD controlling school fixed effects by 2SLS.

He analyzed 5,901, 2,190, 1,492, and 1,110 new students with at least one observed

score and found the causal effects of class size �0.71 (0.15), �0.49 (0.23), �0.24

(0.21), and �0.66 (0.21) from kindergarten to third grade, respectively. Conse-

quently, his method and causal inference are most comparable to our causal effects

of class size in the literature. Although it is difficult to directly compare his results

with the 3L Random Int. due to different units of outcomes, interestingly, his effects

�0.71 (0.15) and �0.66 (0.21) in kindergarten and third grade are close to their

counterparts �0.72 (0.13) and �0.66 (0.23) on READ but lower than �1.11
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(0.21) and �1.14 (0.25) on MATH and �0.80 (0.15) and �0.78 (0.26) on WORD

under the 3L Random Int. Krueger’s effect�0.49 (0.23) in first grade does not reveal

the strong counterparts�1.09 (0.32),�1.09 (0.26), 0.70 (0.20), and�1.29 (0.33) on

READ, MATH, LISTEN, and WORD, respectively, under the 3L Random Int. His

second-grade effect�0.24 (0.21) is insignificant and cannot disclose the significant

causal effect�0.52 (0.27) on READ under the 3L Random Int.

The main contributions of this analysis are that the subject-specific causal

effects of class size have been revealed on each outcome; that all available

data have been analyzed to produce efficient analysis under data MAR; and

that the causal effects were stronger than previously indicated in Krueger

(1999). Consequently, the 3L Random Int. delivers the strongest evidence ever

that reduced class size causes higher academic achievement and enables cost-

benefit analysis and subsequent policymaking of reduced class size to be causal

and subject-specific.

6.3. Heterogenous Causal Effects of Class Size

The causal effects of class size may be heterogenous across schools.

Therefore, we consider a structural SM with the mediator having random coeffi-

cients on the four outcomes Y1ijk . For more precise estimation of the random

coefficients, let S�jk ¼ Sjk � �S and Z�jk ¼ Zjk � �Z be class size and class type cen-

tered around their respective sample averages such that

Y1ijk ¼ b0 þ b1S�jk þ u0k þ u1kðgs1Z�jkÞ þ njk þ e1ijk ;

S�jk ¼ gs1Z�jk þ ask þ bsjk ;
ð10Þ

where b1 is the fixed effects for class size, gs1Z�jk is a term for the variation in

class size induced by class type having random causal effects u1k , gs1 is the causal

effect of class type on class size,

u0k

u1k

ask

2
4

3
5� N 0;

�00 �01 �0s

�10 �11 �1s

�s0 �s1 �ss

2
4

3
5

0
@

1
A,

njk

bsjk

� �
� N 0;

�yy �ys

�sy css

� �� �
, and e1ijk � Nð0;�Þ. We refer to the SM (10)

as a ‘‘3L Random Coef.’’ Note that the 3L Random Coef. with �11 ¼ 0 yields

the 3L Random Int. with gs0 ¼ 0. The 3L Random Coef. implies that a unit

change in class size induced by class type causes Y1ijk to change by b1 units

on average and by b1 þ u1k units given school-specific u1k on average. It yields

a reduced-form model

Y1ijk

S�jk

� �
¼

gy0 þ gy1Z�jk
gs1Z�jk

" #
þ ay0k þ ay1kZ�jk

ask

� �
þ

byjk

bsjk

� �
þ e1ijk

0

� �
ð11Þ
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where gy0 ¼ b0, gy1 ¼ b1gs1,

ay0k

ay1k

ask

2
4

3
5 ¼ u0k þ b1ask

gs1u1k

ask

2
4

3
5�

N 0;
�00 �01 �0s

�10 �11 �1s

�s0 �s1 �ss

2
4

3
5

0
@

1
A, and

byjk

bsjk

� �
¼ njk þ b1bsjk

bsjk

� �
� N 0;

cyy cys

csy css

� �� �

for �00 ¼�00þ�0sb
T
1 þ b1�s0 þ b1�ssb

T
1 , �01 ¼ gs1ð�01þ b1�s1Þ, �0s ¼ �0s

þb1�ss, �11 ¼ g2
s1�11, �1s ¼ gs1�1s, cyy ¼ �yy þ�ysb

T
1 þ b1�sy þ b1cssb

T
1 , and

cys ¼ �ysþ b1css. The 3L Random Coef. implies

½b0 b1� ¼ ½gy0 gy1=gs1� ð12Þ

�00 �01 �0s

�11 �1s

� �
¼ �00 � �0sb

T
1 � b1�s0 þ b1�ssb

T
1 ð�01 � b1�s1Þ=gs1 �0s � b1�ss

�11=g2
s1 �1s=gs1

� �

�yy �ys

� �
¼ ½cyy � cysb

T
1 � b1csy þ b1cssb

T
1 cys � b1css�:

The estimated 3L Random Coef. appears in Table 6.

The estimated average causal effects are close to those of the 3L Random Int.

in Table 5, but their standard errors are relatively inflated reflecting added

TABLE 6

Estimates (Standard Errors) for 3L Random Coef.

Outcome Gr.

Causal Effect Diagonal Components of

b1 �00 �01 �11 �yy �

K �0.74(0.15) 165 (32) �0.03 (2.95) 0.82 (0.59) 88 (14) 733 (14)

READ 1 �1.18 (0.33) 464 (100) �1.86 (11.35) 1.98 (2.53) 171 (47) 1952 (64)

2 �0.52 (0.30) 309 (73) 7.38 (8.61) 3.21 (2.13) 114 (44) 1355 (57)

3 �0.65 (0.24) 141 (42) 2.16 (5.00) 0.58 (1.36) 68 (41) 1147 (57)

K �1.10 (0.23) 381 (76) �1.07 (6.84) 1.11 (1.38) 252 (37) 1613 (31)

MATH 1 �1.14 (0.28) 324 (69) �2.25 (7.72) 1.69 (1.71) 122 (31) 1217 (40)

2 0.03 (0.31) 291 (71) 8.25 (8.79) 3.43 (2.25) 121 (45) 1251 (55)

3 �1.16 (0.28) 155 (49) �2.14 (6.20) 1.49 (1.79) 137 (49) 1064 (54)

K �0.48 (0.15) 162 (31) 1.98 (2.93) 0.79 (0.59) 85 (14) 831 (16)

LISTEN 1 �0.70 (0.21) 161 (36) 2.86 (4.25) 1.05 (1.03) 70 (19) 747 (24)

2 �0.24 (0.23) 257 (57) 8.44 (5.83) 1.34 (1.22) 73 (27) 757 (33)

3 �0.55 (0.23) 106 (35) �1.03 (4.47) 0.71 (1.30) 123 (38) 745 (38)

K �0.81 (0.16) 197 (39) �0.90 (3.55) 0.62 (0.71) 116 (18) 1020 (19)

WORD 1 �1.39 (0.36) 340 (81) 12.20 (10.71) 3.84 (3.00) 184 (50) 2067 (67)

2 �0.53 (0.33) 278 (73) 6.23 (9.42) 3.76 (2.60) 146 (56) 1823 (74)

3 �0.78 (0.29) 195 (56) 0.35 (7.04) 2.26 (1.98) 72 (52) 1527 (74)
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uncertainty associated with the variability in the random slopes of class type

across schools. Both 3L Random Int. and 3L Random Coef. produced the same

statistical inferences on the causal effects. Likelihood ratio tests of 3L Random

Coef. against a null SM (10) with �11 ¼ 0 yielded p values 0.78, 0.81, 0.82, and

0.99 from kindergarten to third grade, respectively. Although the p values may be

conservative (Pinheiro & Bates, 2000), we find no evidence that the causal

effects of class size vary across the schools (Goldstein et al., 2000).

When the 3L Random Coef. is modeled in a conventional way such that

Y1ijk ¼ b0 þ b1S�jk þ u0k þ u1kS�jk þ njk þ e1ijk , it not only is hard to make a cau-

sal interpretation but also yields a reduced-form SM difficult to estimate by ML.

The conventional structural model implies that a unit change in class size causes

achievement scores to change by b1 units on average. This is a wrong causal

inference to make based on its reduced-form model, since class size varies due

to random treatment assignment Zjk as well as other covariates in ask þ bsjk to

yield EðY1ijkÞ ¼ b0 þ b1gs1Z�jk þ�1s.

Although the random causal-effect model (10) is a useful extension of the

random intercept model (3), it requires estimation of 45 variance components

with less than 80 schools at the school level. Such estimation may have been

an overstretch leading to lack of power to detect random effects. The resulting

uncertainty may have contributed to imprecise estimation of random coefficients.

7. Discussion

This article addressed three questions: Does reduced class size cause higher

academic achievement in reading, mathematics, listening, and word recogni-

tion? If it does, how large are the effects? Are the causal effects of class size

heterogeneous across schools? In analyzing the Tennessee class size data to

identify such causal effects, we had to face some major challenges. First, the

multiplicity of the four outcomes nested within classroom nested within school

had to be dealt with. Our strategy was a three-level multivariate SM with class

size as an endogenous regressor and class type as an exogenous IV. Next, the

four outcomes were subject to missingness. By estimating the reduced-form

multivariate SM of the four outcomes and class size given class type, we were

able to efficiently handle missing outcomes with a general missing pattern

under a weaker assumption of ignorable missing data than MCAR. By taking

the ML approach, we achieved a better precision in estimating the causal

effects of class size than the corresponding 2SLS procedure. Moreover, the

single level RCM based on a binary mediator had to be extended to a three

level SM with a continuous mediator at the intermediate level. Finally,

the causal effects had to be examined if they were heterogenous across

schools. We estimated a structural SM with class size having random coeffi-

cients to achieve the goal. By overcoming these challenges, we have delivered

the most efficient evidence ever that reduced class size causes higher academic
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achievement and, at the same time, maximized the interpretability of our

causal inference by estimating the causal effects of reduced class size on

subject-specific test scores. To policymakers, these results have important impli-

cation that the level of reduction in class size may be based on consequential

improvement in subject-specific test scores.

Although we have demonstrated estimation of multilevel SMs with level-1

outcomes subject to missingness, the approach allows ignorable missing data

at any level. That is, response variables as well as covariates at any level that may

be modeled under normal distribution may be subject to missingness.

In the 3L Random Coef., the causal effects of class size varied at most modestly

across schools. With less than 80 schools, estimation of 45 variance components at

the school level may have been an overstretch. The resulting uncertainty may have

contributed to imprecise estimation of random coefficients. The variation in class

size induced by class type had to be differentiated from that due to other covariates

in estimating the causal random coefficients of class size on the outcomes. Other-

wise, the random coefficients would not be causal and, at the same time, introduce

a major challenge that is difficult to deal with in ML estimation.

Our estimates are based on ML assuming multivariate normality for the

random effects at each level. In order to check this assumption and possible

effects of violations on inferences, we generated residuals based on the posterior

distributions of random effects, given observed data at all levels of the reduced-

form models (4), (6), and (11) and transformed them to those of the correspond-

ing structural models. The estimated SMs produced outlying residuals at the

student level of kindergarten where achievement scores may have been most

unstably measured among the 4 years. Since the same pattern of outliers exists

in both types of classes, the estimated expected outcomes for the two class types

have higher standard errors than would under assumed normality and so do the

standard errors of the estimated causal effects. Overall, the residual plots for

achievement scores exhibited no clear pattern against normality and linearity

assumptions. With small and regular class sizes ranging 11 to 20 and 15 to 30

students, respectively, the residual plots of class size models revealed reasonable

normality and linearity.

For the assumptions of the causal model in this article, the intact schools are

more realistic than random assignment of students to schools. The no interfer-

ence between classes seems plausible given that classmates shared the same class

type. The random treatment assignment was violated because randomization was

applied within schools. Consequently, it is possible that the proportion of chil-

dren assigned to the small class treatment varied from school to school so that

unobserved between-school covariates may exist that are associated with the

outcomes. To check this possibility, we estimated the 2L ITT and 2L Fixed

models controlling for the fixed school effects. Because the random treatment

assignment itself would not affect student academic achievement unless it

induces the dosage, the exclusion restriction looks reasonable. Although this
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assumption cannot be tested, its plausibility is certainly strengthened by the result

in section 6.2. The nonzero average causal effect of class type on class size seems

very plausible.

Although the model assumptions seem reasonable, cases may be made for

violation of each assumption. For example, assumption 1, intact schools, may

be violated if parents are able to see the school proportions of small classes

prior to the start of a school year and then enroll their kids to a private school

or a school with a relatively higher proportion (Hong & Raudenbush, 2006).

Also, intact schools imply that our causal inferences may not generalize to

schools where all class sizes are reduced (Goldstein & Blatchford, 1998).

Assumption 2, no interference between classes, may be violated if parents of

high socioeconomic status or a certain racial ethnicity lobby more successfully

to reassign their kids to a class type of their preference different from the one

assigned than their counterparts. Assumption 2 is also violated if a student with

more friends attending a small class in the same neighborhood has higher aca-

demic achievement than one with less. Assumption 3, random assignment, is

violated if treatment assignment is not completely random. Assumption 4,

exclusion restriction, may be violated if students assigned to a small class are

encouraged to study harder than their counterparts in a regular class. The last

assumption, nonzero average causal effect of class type on class size, looks

very reasonable.

We have analyzed the causal impact of reduced class size on academic

achievement under the MAR assumption that is made plausible by strongly cor-

related achievement scores. However, cases may exist that lead to violation of

this assumption. For example, some parents may recognize a relatively lower

proportion of small classes in the school of their children and move their children

to schools having a higher proportion of small classes or private schools during a

school year. If so, such a covariate is associated with the missing data pattern and

the MAR assumption is violated. Therefore, a sensitivity analysis to the MAR

assumption may be a valuable future research topic. Such an analysis will reveal

how robust the results of the current study are and whether the causal analysis of

reduced class size should proceed under a more general assumption of data

missing not at random (Rubin, 1976).

The average causal effect of reduced class size on academic achievement in

this article may not be the only thing or the most interesting thing we would want

to estimate. For example, there is some suggestive evidence that new incoming

female second graders attending a small class achieved better improvement than

their male counterparts in math and word recognition tests. So did new incoming

Black minority second graders relative to their counterparts of other ethnic back-

grounds in the four outcomes (Goldstein & Blatchford, 1998; Krueger, 1999).

The gender and race covariates, however, may have confounders at every level.

Estimating such interaction effects along with the causal effects of class size is

beyond the scope of the current study.
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Appendix

Fisher Scoring and the EM Algorithm

Let Ok ¼ diagfO1k ; IJk
g for an observed-value indicator matrix O1k of

achievement scores Y1k such that Y1kobs ¼ O1kY1k and Ykobs ¼ OkYk �
NðXkobsg;VkobsÞ. Due to completely observed Sk , we have Skobs ¼ IJk

Sk ¼Sk .

Fisher scoring update on g is

ĝ ¼
X

k

X T
kobsV

�1
kobsXkobs

 !�1X
k

X T
kobsV

�1
kobsYkobs: ðA1Þ

Let Aykobs ¼ O1kAyk , Bykobs ¼ O1kByk , and F1kobs ¼ O1kF1kOT
1k . If Z1kobs ¼

½Aykobs Bykobs� and Z2k ¼ Ask IJk
½ �,

V�1
kobs ¼

Z1kobs�11kZT
1kobs þ F1kobs Z1kobs�12kZT

2k

Z2k�21kZT
1kobs Z2k�22kZT

2k

� ��1

¼ V�11
kobs V�12

kobs

V�21
kobs V�22

kobs

� �
; ðA2Þ

for �11k ¼ diagf�yy; IJk

 cyyg, �21k ¼ diagf�sy; IJk


 csyg ¼ �T
12k , and

�22k ¼ diagf�ss; IJk

 cssg where

V�11
kobs ¼ F�1

1kobs � F�1
1kobsZ1kobs ZT

1kobsF
�1
1kobsZ1kobs þ ��1

k

� 	�1
ZT

1kobsF
�1
1kobs; ðA3Þ

V�12
kobs ¼ �V�11

kobsZ1kobs�12kZT
2kðZ2k�22kZT

2kÞ
�1 ¼ V�21T

kobs ; ðA4Þ

V�22
kobs ¼ ðZ2k�22kZT

2kÞ
�1 � ðZ2k�22kZT

2kÞ
�1

Z2k�21kZT
1kobsV

�12
kobs ; ðA5Þ

for �k ¼ �11k ��12kZT
2kðZ2k�22kZT

2kÞ
�1

Z2k�21k ¼ varðayk ; bsk j SkÞ.

The complete data log likelihood lðy j Y ; a; byÞ expressed in

�2lðyÞ / Nlnj�j þ
XK

k¼1

XJk

j¼1

Xnjk

i¼1

eT
1ijk��1e1ijk þ Jlnjcj

þ
XK

k¼1

XJk

j¼1

bT
jkc
�1bjk þ Klnj�j þ

XK

k¼1

aT
k �
�1ak ;

ðA6Þ

yields the complete-data ML estimators

�̂ ¼
X

k

X
j

X
i

e1ijkeT
1ijk=N ; ĉ ¼

X
k

X
j

bjkbT
jk=J ; �̂ ¼

X
k

akaT
k =K ðA7Þ

for c ¼ cyy cys

csy cyy

� �
. Let dkobs ¼

d1kobs

d2k

� �
¼ Y1kobs � O1kXykgy

Sk � Xskgs

� �
. The poster-

ior distribution of ðe1k ; bk ; akÞ, given dkobs is normal with mean ½F1kOT
1kV�11

kobs
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ðd1kobs � ~d1kobsÞ;CkBT
kobsV

�1
kobsdkobs; �AT

kobsV
�1
kobsdkobs� and the lower triangular

covariance matrix

F1k � F1kOT
1kV�11

kobsO1kF1k

�CkBT
kobs½V�11

kobs V�12
kobs �

T
O1kF1k Ck �CkBT

kobsV
�1
kobsBkobsCk

��AT
kobs½V�11

kobs V�12
kobs �

T
O1kF1k �CkBT

kobsV
�1
kobsAkobs� �� �AT

kobsV
�1
kobsAkobs�

2
4

3
5;

ðA8Þ

for ~d1kobs ¼ E½d1kobsjd2k � ¼ Z1kobs�12kZT
2kðZ2k�22kZT

2kÞ
�1

d2k . The E components

are E½e1k jdkobs�, E½bk jdkobs�, E½ak jdkobs�, E½e1keT
1k jdkobs�, E½bkbT

k jdkobs�, and

E½akaT
k jdkobs�.

Observed Log Likelihood

The difference in observed log likelihoods between two consecutive iterations

helps monitor the convergence of y estimates to ML. Let �ijk ¼ O1ijk�OT
1ijk for

an observed-value indicator matrix O1ijk of Y1ijk . The observed log likelihood is

lobsðyÞ / �
1

2

XK

k¼1

flogjVkobsj þ trV�1
kobsdkobsd

T
kobsg

¼ � 1

2

XK

k¼1

f
X

j

X
i

ln j �ijk j þ ln j �k j þ ln j ZT
1kobsF

�1
1kobsZ1kobs þ ��1

k j

þ Jk lnjcss j þ ln j �ssj þ ln j AT
skIJk

 c�1

ss Ask þ ��1
ss j

þ ðd1kobs � ~d1kobsÞT ðZ1kobs�kZT
1kobs þ F1kobsÞ�1ðd1kobs � ~d1kobsÞ

þ dT
2kðAsk�ssA

T
sk þ IJk


 cssÞ�1
d2kg:

ðA9Þ

Information Matrices

Let j be a column vector containing distinct elements in ð�;c;�Þ. The

observed information matrix is IO ¼
Ijj Ijg
IT
jg Igg

� �
for

2Ijj ¼
XK

k¼1

qvecVkobs

qjT

� �T

½ð2V�1
kobsdkobsd

T
kobsV

�1
kobs � V�1

kobsÞ 
 V�1
kobs�

qvecVkobs

qjT
; ðA10Þ

ðIjg; IggÞ ¼
XK

k¼1

qvecVkobs

qjT

� �T

V�1
kobsdkobs 
 V�1

kobsXkobs

� 	
;
XK

k¼1

X T
kobsV

�1
kobsXkobs

" #
: ðA11Þ

The Fisher information matrix is E½IO� ¼ diagf1
2

PK
k¼1ðqvecVkobs

qjT ÞT

ðV�1
kobs 
 V�1

kobsÞ qvecVkobs

qfT ; Iggg (Magnus & Neudecker, 1988).
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