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Four  different value laws are developed and  tested by  using them to 
predict the  scale values of composite stimuli from the scale values of their  
components. These four laws are: an additive law, a square-root taw, a 
logarithmic, and  a negative exponential taw. They are tried out  on a set of 
food preferences by  means of Pearson's Method of False Position. The  nega- 
t ive exponential law of diminishing returns gave the best  fit to the  data  bu t  
was not  markedly bet ter  than any of the  other laws. 

The purpose of this study is to show that laws relating subjective value 
to amount of commodity may be studied by an extension of the usual psycho- 
physical scaling methods. Four different value laws will be developed and 
tested with a set of experimental data on food preferences. 

The psychophysical scaling procedures, such as paired comparisons, 
for example, may be used to distinguish between various types of laws 
expressing value increase as a function of increase in amount of the com- 
modity. These procedures are applicable even when no physical measurement 
of the amount of the commodity can be made, and when the scaling procedure 
necessitates measuring from an arbitrary origin. 

Testing each of these laws of value increase also involves a corresponding 
determination of an origin, or point of zero value. Various psychophysical 
methods of determining a zero point have been presented in the literature. 
An additive law of value increase has been used for this purpose (cf. 1, 4, 
and 7). I t  will be shown here that other laws of value increase may also be 
used to determine an origin or point of zero value. 

The data necessary to test these formulations are obtained by using 
a preference schedule like that illustrated in Table 1. The subject is asked 
the usual paired comparison question, "Which do you prefer, i or j?"  How- 
ever, in addition to the single stimuli i and j composite stimuli of the form 
(i and j) or (g and h) are used. The subject is asked questions of the form, 
"Do you prefer (i and j) or g?" as well as, "Do you prefer (i and j) or (g and 
h)?" (15). 

Do these different stimuli, designated by i, j, g, h, (i and j), (g and h), 
etc., behave as if they are different amounts of some commodity x whose 
subjective value v is given by some function, say v = f(x)? For any given 
function, the experimental device of utilizing the composite stimuli of the 
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type (i and j) may be indicated by writing 

v, = f(x,); vi = f(xi); and v ,  = f (x,  + xi). (A) 

For example, if the items i, j, and (i and j) were bundles of dollars, such 
tha t  the number of dollars in each bundle were known to the subject, but  
not to the experimenter, then the experimenter could raise the question 
asked here. Do these different bundles and their combinations behave as 
if they were different packages containing different numbers of dollars x, 
which were known to the subject and were related to the subjective value 
v by some function v = f(x)? 

I t  is of interest to note that  since 

x~ = f- '(vi); xi = f-l(vi); and x< A- x~ f (~i), (B) 

we have 

f-l(v,~) = f-l(v,) + f-l(vj). (C) 

From the viewpoint of psychological scaling, we do not obtain v's, but 
instead obtain s's which differ from the v's by a constant, so we may write 

- 1  8 - -  - 1  8 - -  f ( ,  c) = f (~ c) + f - l ( s~  --c) .  (D) 

In other words, if one can find any function, designated f-~, such tha t  an 
additive relationship holds for the proper scale values as indicated then 
one possible solution for the relationship between v and x is the inverse 
f of this function f - 1  From this point of view the commodity amounts are 
simply defined by x~ = f-~(v~). 

If another function g is found such that  

- 1  Y - 1  Y g ( , 3  = g ( 3  + g-l(,i) ,  (E) 

we may regard it as defining another commodity amount  y~ = g-~(v~). I t  is 
of interest to ask about the relationship between x~ and y~ or between g-~ 
and f.-~. Substituting (A) in (E), 

g f (  ~ -4- xj) g-' f(x,) + g-lf(x~). (F) 

A theorem in functional equations states tha t  if 

F(X -t- Y) = F(X) -I- F(Y) ,  (G) 

then 
F(X) = aX,  (H) 

where a is a constant coefficient. This theorem was proved for continuous 
functions by Cauehy (2). The discontinuous solution for (G) is discussed by 
Hamel (6) and Sierpifiski (11). Applying solution (H) to (F) we have 

- 1  X g f ( , )  = a(x,). 
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Utilizing (B) gives 

g-l(v,) = af - ' (v , )  or y = ax. 

In other words, the "different" value laws found in this way would differ 
only in the unit of measurement used for the commodity. I t  should be noted 
that  this s ta tement  holds only if equations (B) and (E) hold without error 
for values of v~, v~, and v~i. 

In  order to test different value laws, the theoretical formulat.ion will 
need to show the relationship between the values v~ and v~ for the component 
stimuli and the value v~. of the composite stimulus. Let  us see what different 
laws of value increase imply with respect to this relationship. 

Four Laws  of Value Increase 

Logarithmic Law 

If it is assumed that  the rate of change in value v is inversely pro- 
portional to the amount  of the commodity x, we have the differential equation 

dv/dx = k / x .  (1) 

Integrating this equation and setting x = Xo when v = 0, we have 

v = k log  (x /x0) .  (2) 

This derivation of a logarithmic law of value increase was given by Thurstone 
(13). 

What  does this logarithmic value law imply with respect to the relation- 
ship between the values of the component and the composite stimuli? In order 
to determine this, we note that  

v .  = k log  [(XJXo) + (xi/xo)], 

v, = k log (x~/xo), (3) 

and 

vi = k log (xi/xo). 

Eliminating x~ and x~ among these equations enables us to find an expression 
for the composite value v~; in terms of the values v~ and v; of the components. 
Thus, we find tha t  

e "'~/k = e "'/~ q- e "ilk. (4) 

These equations do not require the measurement of amount  of commodity 
x, but  require only a set of value measurements v. However, the usual scaling 
data  give neither the v's nor the x's but  only scale values, s, which differ 
from v by a constant. Let  C be the scale value for which v equals zero. 
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and 

By making the substitutions 

Yt  ~ 81 - -  C ,  

i) i ~- 8 i - -  C ,  (5) 

Vi i ~" 81 i - -  C ,  

let us determine the type of relationship among the scale values of the 
component stimuli and the composite stimuli that is implied by the log- 
arithmic law of value increase. Substituting and simplifying gives 

e '''/~ = e "'/~ + e ''/~. (6) 

This equation gives the interrelationships among the experimentally de- 
terminable scale values which are implied by the logarithmic law of value 
increase. 

There are some interesting and disconcerting things about this law. 
I t  contains the parameter k, which is involved in such a way that it cannot 
readily be solved for explicitly. Thus, it remains as an annoying trial param- 
eter in any attempts to verify this equation. I t  is also interesting to note 
that  the equation does not contain C at all. In other words, for the logarithmic 
law of vatue increase the additive constant C cannot be determined. A n y  
additive constant is consistent with the relationships among the component 
and composite scale values. Likewise, any value of Xo is consistent with these 
relationships, since for this law, xo functions as a unit of measurement for x. 

Square-Root Law 

If it is assumed that the rate of change in value v is inversely proportional 
to the value level already attained, we may write the differential equation 

dv/dx = k/2v.  (7) 

Integrating and setting x = xo when v = 0 we have 

v = ~ - ( x  - Xo) .  ( s )  

This derivation of a square-root law of value increase was given by Thurstone 
(13). 

To determine the implications of this square-root law with respect to 
the relationship between the values of the component and composite stimuli, 
we note that 

v,  = ~ / k ( x ,  - Xo) 

vi = %/k(xi  -- Xo) (9) 

v , ,  = a / k ( z ,  + z~ - ~o).  
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Eliminating x, and xi among these equations enables us to find an 
expression for the composite value v~i in terms of the values v, and v; of the 
components. Thus, we find that 

v~ = v? + v~ -b kxo . (10) 

In order to determine the relationship among the scale values implied by 
this equation, we substitute (5) in (10), giving 

s~i - s~ - s~ = 2 C ( s , i  - s ,  - s~) + C 2 + kxo . (11) 

This equation gives the interrelationship among the experimentally deter- 
minable scale values which is implied by the square-root law of value increase. 
The plot of the quantity on the left side of the equation against the quantity 
in parentheses enables one to find C from the slope of the line, and also to 
find kxo by subtracting the square of half the slope from the intercept. 
Separate values for k and xo cannot be determined. 

N e g a t i v e  E x p o n e n t i a l  L a w  

If it is assumed that the rate of change in value v is directly proportional 
to the difference between the value level already reached and an asymptotic 
value level A, we have the differential equation 

d v / d x  = k ( A  - v) .  (12) 

Integrating and setting x = xo when v = 0 gives 

v = A - A e ~ ' e  -k~. (13) 

This is the familiar negative exponential law of diminishing returns used in 
economics (see, for example, 8 and 12). I t  has also been suggested by a 
number of writers as an equation of the learning curve (see illustrations 
cited in 3). If we apply it to the component stimuli " i "  and " j "  and also to the 
composite " i  and j",  we have 

vi = A - Aek~'e -k~' ,  

vi = A - Aek~°e - k ~ ,  (14) 

v~i = A - -  Aek~°e - k ( ~ ' ÷ ~ ) .  

Eliminating x~ and x; to f indv ,  as a function of v~ and v; gives 

v,~ = A - ( 1 / A ) e - k ~ ° ( A  - v , ) ( A  - v i ) .  (15) 

If v, is plotted against v,i for a given value of v;,  the result is a straight 
line. If this plot is made for each of the values of v~, the result is a family of 
straight lines. We also note that if either v~ or vi is equal to A, then the right- 
hand term of the equation vanishes, giving v~ = A. Thus, the indicated plots 
constitute a p e n c i l  of straight lines intersecting in the point (A, A). Again 
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we may substitute for the v's in terms of the s's (equations 5), obtaining 

s,i = A Jr C - (1/A)e-~°(A -~ C - s,)(A Jr C - si). (16) 

Again, if st is plotted against s ,  for a given value of s ; ,  the result is a straight 
line. If  such a plot is made in turn for each of the possible values of sj the 
result is a pencil of straight lines intersecting in the point (A -t- C, A -~ C). 
If x0 -- 0 this series of straight lines may be used to give the values of A and 
of C. 

Linear Law 

I f  we assume tha t  the rate of change of value is constant, we have the 
differential equation 

dv/dx = k. (17) 

Integrating and setting x = xo when v = 0, we have 

v = k(x - Xo). (18) 

If  we solve for the interrelationships among the component and compos- 
ite scale values implied by this equation, we find that  

s .  = s ,  ~- sj - -  C + k x o  . (19) 

This relationship has been derived by  Thurstone and utilized in an unpub- 
lished s tudy (15). According to this law, the plot of the scale value of the 
composite against the sum of the scale values of the components should be 
linear with unit  slope and intercept kxo -- C. 

The Food Preference Experiment 

Let  us now consider the type of data  tha t  is used for these value studies. 
Food preferences were studied. 

Pairs of single items are presented such as Beef vs. Pork, and the subject 
is asked to indicate which he would choose, i or j. Then pairs of what we shall 
term composite items are presented. The subject is asked to choose between 
Beef and Steak vs. Tongue and Lamb. Also the choice is given between single 
and composite items, such as Steak vs. Pork and Tongue. Table 1 shows 
three typical items in the schedule. 

The set of 5 component stimuli and 10 composite stimuli (making 15 
stimuli in all) were presented in a paired comparison schedule to 92 college 
students in a psychology class. The directions stressed tha t  for a composite 
such as Beef and Steak, each is an ordinary sized serving, and tha t  if the 
composite were chosen, the person was to eat both, thus having twice as much 
as if only a single component i tem were chosen. This was done in order to give 
a bet ter  chance for diminishing returns to be manifested in the results. All 
choices involving a duplicate i tem were omitted, resulting in a matrix of 
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38. 

39. 

4o. 

TABLE 1 

Sample Questionnaire Items 

D 
D 

Roast Rib of Prime Beef 

Roast Loin of Pork 

Roast Rib of Prime Beef 
Sirloin Steak 

Boiled Smoked Beef Tongue 
Loin Lamb Chop 

D Sirloin Steak 

D Roast Loin of Pork 
Boiled Smoked Beef Tongue 

incomplete data. A least squares procedure was used (5) for scaling a paired 
comparisons matrix of incomplete data. 

The scale values obtained range from .000 for tongue and pork, the 
least preferred item, on up through 1.043 for lamb, to 2.622 for the composite, 
beef and steak, which was the most preferred item. The complete set of 
scale values is shown in Table 2. 

The fact that these 15 scale values give a good fit (5) to the 55 paired 
comparisons judgments shows that persons can make consistent judgments 
about preferences for composite stimuli along with single stimuli of the type 
used here. Thus, it is experimentally feasible to present in a single schedule 
comparisons of the (i vs. j), (i vs. g and h), and (i and j vs. g and h) types. 
Any set of concrete objects or even abstract concepts can be dealt with 
according to this pattern. 

In Table 2 we notice that the value of tongue and lamb is higher than 
tongue alone, pork and lamb is higher than pork alone, beef and lamb is 
higher than beef alone, and lamb and steak is higher than steak alone. Thus, 
the value of any item is increased by forming a composite with lamb. The 
same holds true for beef and steak. Thus, lamb, beef, and steak are all positive 
values. However, now look at pork. The value of pork and steak is lower 
than the value of steak alone, of pork and beef lower than beef alone, of 
pork and lamb lower than lamb alone, and the value of the composite tongue 
and pork is lower than that of either of the components. Thus, from the 
purely ordinal characteristics of the scale, it seems clear that pork has a 
negative vMue. The same is true to an even greater extent for tongue. The 
zero point is between pork and lamb since pork and tongue are negative 
and lamb, beef, and steak are positive. 
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T/~E 2 

Food Preference Experiment 

Scale 
Stimuli Values 

Tongue and Pork .000 

Tongue • 137 

Tongue and Lamb .270 

Pork .5hl 

Tongue and Beef .850 

Pork and Lamb .928 

Tongue and Steak 1.088 

Pork and Beef 1.4-48 

Beef i .746 

Pork and Steak 1.78G 

Lamb and Beef 1.993 

Steak 2.197 

Lamb and Steak 2.524 

Beef and Steak 2.622 

Generalization to Include Positive and Negative Values 

For this particular set of data there is thus clear evidence that some 
of the component values are positive and others are negative. The linear 
value law extends readily to include both positive and negative values and 
their various combinations. 

The other laws, however, in their previously stated form do not give 
reasonable results for both positive and negative values. However, it is 
possible to make an appropriate extension by having four different rules, 
depending first on whether the components had the same or different signs, 
and second on whether the composite was positive or negative. 

A reasonable interpretation including both negative and positive values 
and their combinations for the square-root law may be made by assuming 
xo = 0 and writing 

Vl ~ Vi ] 2 VlVi 2 
~ "  - [ v, + vi [ N v, + ~ v i  + C, (20) 

w h e r e v ~ - -  s ~ -  C;v; = s ; -  C. 
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This formulation merely says that  v~ and v~ are added if v, and vi are 
of the same sign and subtracted if v~ and vi are of unlike signs. The square 
root of the sum is then given the sign of the larger value. If  v~ and vi are both 
positive, (20) is equivalent to (10) or (11). If v~ and v; are both negative, 
(20) is equivalent to a reflection into the quadrant  where s~ , si , and s ,  
are each negative. If  v~ and vi are of opposite sign, (20) gives an interpretation 
that  is consistent with the previous cases. 

In order to state the logarithmic law for a series of either positive or 
negative values we have analogously with the square-root law: 

v+ + vi l ei~,iik v~v~ e,.~,l~ i ~" - Iv, + v, I k l og  + ~ + C, (21) 

wherev~ -- s ~ -  C;v~ = sj - C. 
Again this formula merely states that  e is taken to be a positive power 

for either positive or negative values. The resulting powers are added if 
v~ and v~ are of the same sign and subtracted if v~ and v; have different 
signs. The logarithm is then given the sign of the larger value. In contrast 
to (6), it is now possible to determine C for (21) since the combination of 
negative and positive values is involved. 

The negative exponential law may be restated for the case in which both 
negative and positive values are involved. Let  Xo = 0; thus 

A -- v _ e_k~ (wherev = s - C) (22) 
A 

The formulas are easier to work with if we define B as the asymptote  ex- 
pressed in terms of the s-scale, just as C is defined: 

B = A + C .  

Let us assume that  the positive (upper) asymptote B + may vary  independently 
of the negative (lower) asymptote B-.  Then let us define 

- -  8 i  Xi e-klz~l 
R , =  I B ' - C t  Iz ,  I " (23) 

The superscript signs are used to indicate tha t  the positive asymptote B ÷ 
is used if s~ > C (i.e., for s+); the negative asymptote B-  is used if s~ < C 
(i.e., for s-). The R's thus defined are positive quantities if s~ > C, and 
negative if s, < C. Note that  as ! x,  [ increases [ R,  [ decreases. Then 

~,~ = B ,  -- (B, -- C)aR~R, , (24) 

where a = R , R , / i  R,R~ I and l R; [ > I R,  I. 
Equat ion (24) gives a set of computations expressed entirely in s-scale 

values by means of which an estimate L~ of the scale value of a composite 
may  be computed from the scale values of the components, assuming a 
negative exponential law of value increase. 
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M e t h o d  o f  Fa l se  P o s i t i o n  

I t  was also found that  the test equations previously developed were not 
sensitive enough to differentiate clearly between the different value laws. 
The method adopted was that of using the component stimuli to predict the 
composite value--selecting the parameters to minimize the sum of the 
squares of the differences between the observed and predicted scale values 
for the composite stimuli. For the linear additive rule, the solution is straight- 
forward. For the others no explicit solution could be found, so the fit was 
made by a successive approximations procedure using Pearson's Method 
of False Position (10). A brief account of the method presented in matrix 
notation will be given here. This method is a general solution for linear or 
nonlinear equations presented by Karl Pearson. The problem may be stated 
as follows: 

Given the k-parameter function 

Y ,  = f ( m :  , m2 , . . .  , m~ , . . .  , mk , x , )  

together with experimental observations of the paired values x~ , y~ (i = 1, 
• .. , n), to determine the values of m~ so as to minimize ~?~:  (y ,  - y~)2.  

Only two restrictive conditions are necessary: 
(1) Given the value of the independent variable x~ and a set of arbitrary 

values m~ for each of the parameters, it must be possible to compute (or 
to obtain by mechanical or other means) a corresponding set of values Yh~ 
for the dependent variable. 

(2) The function Yh~ = f ( m h l  , m~2 , . . "  mh~ , " "  mhk , x , )  must be 
continuous and have continuous derivatives for slight changes in the values 
of the parameters in the neighborhood of the desired solution. 

For a one-parameter function the Law of Mean Value may be stated as 

d Y ~  Y h ~ -  Yo~ 

dm~o mh - -  mo ' 

o r  

Y ~ , -  Yo, dY.~ 
dm~,o (mh - mo) .  

For a k-parameter function the general Law of the Mean for functions of 
several variables (cf. 9, p. 121) gives 

Y~,, - -  Yo ,  = ~ ] ~ [ O Y " ~  ( m h ~ - -  mo~) ]  
~=: k O m ~  

where 

i 

g 
0 

is an index for the observations of the dependent and independent 
variables (i ---- 1, . . -  , n), 
is an index for the parameters in the function (g = 1, .-- , k), 
indicates the initial guess for the values of the parameters, 
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m 

c 

d 

e 

terms of Y,  M ,  and d so tha t  ee' is a minimum. 
From the definition of elements we see tha t  

e - - d - - c ;  

h indicates subsequent guesses for the value of the parameters  (h -- 1, 
• . . ,  k ) ,  

p indicates tha t  the value of the partial  derivat ive is taken a t  a point  
p on the curve between mo~ and mh~, 

mh~ indicates the hth estimate for the parameter  m~. 

Pearson 's  derivation is algebraic and quite voluminous. A much briefer 
s ta tement  in terms of matrices has been given by  Gale Young in an un- 
published note to the writer. This derivation is presented with acknowledg- 
ment  to Dr.  Young. We may  pu t  the derivation in matr ix  terminology as 
follows: Let  

Y be a matrix of k rows and n columns with elements Yh~ - Yo~ (h -- 1, 
- - .  , k ; i  = 1 , - - - , n ) .  

M be a square matrix with elements mh~ - mo~, where (g = 1, - - .  , k; 
h =  1, . . .  , k ) .  

F~ be a matrix of k rows and n columns with elements O Y ~ / O m ~  . 

Then from the Law of Mean Value 

Y = MF~ or M - 1 Y  = F ~ .  

Thus, we have a means of eliminating matrix F~,  for which it would be very  
difficult to find reasonable experimental values. In  order for M -1 to exist, 
M must  be a square matrix; hence for k parameters  there must  be k -b 1 
guesses for each parameter .  Thus,  both g and h must  va ry  from 1 to k. I t  
should also be noted tha t  the partial  derivatives in F~ are taken a t  some 
suitable point p between too, and mh, , selected so tha t  the Law of Mean  
Value holds. Let  

y~ (i = 1, - . -  , n) designate the set of observed y values, 
mb~ designate the parameter  values which give the best fit, 
Yb~ designate the corresponding values for the best fitting values of the Y's. 

We may  now define the following row vectors: 

with/c elements mb~ -- mo~ designates the correction needed to change 
the first (or zero-th) guess into the best b guess, 
with n elements Yb~ -- Yo~ designates the corresponding changes in the 
calculated Yo's, 
with n elements y~ - Yo~ designates the difference between the zero-th 
approximation and the observed values, and 
with n elements y~ -- Yb~ designates the error of fit for the best values. 

The  problem may  now be stated as follows: solve for the vector m in 

(25) 
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also 
c = mF~ , (26) 

where q designates a suitable point on the curve between moo and nb~. Thus, 

e ~ d --  m F ~ .  (27) 

Selecting m so as to minimize ee' is the multiple regression problem, which 
is solved as indicated in (15, pp. 173-174). Following this procedure, 

ee' = dd'  - dF~m'  - mF~ d '  + mF~F~m' .  (28) 

Differentiating with respect to m and setting the result equal to zero gives 

2 m E , F "  - 2dF'~ = O. (29) 

If the changes in parameter values are slight so that F~ is approximately 
equal to F~, then substituting M - 1 Y  for Fq and solving for m gives 

m = d Y'(Y Y')-IM. (30) 

Thus, we have an approximation for the correction term m expressed in terms 
of known values of the trial parameters M, Y, and d, the observed and pre- 
dicted values of the dependent variables. 

From the correction term m we can obtain a new vector of trial param- 
eters m(k+,~, which should give a set of predictions Y(~÷,~ which is better 
than any of the predictions Yo~ to Yk~ previously obtained. The new vector 
m(k÷l), can be substituted in the matrix M for the vector mh~ giving the 
poorest fit, and the resulting set of k + 1 trial parameters used to obtain a 
second m vector by the use of (30). 

This solution exhibits the critical requirements of the Method of False 
Position much more clearly than does the lengthier expression in terms of 
elementary algebra given by Pearson (10). Since Y Y '  must have an inverse, 
the rank must be k; that is, the different trial values of the parameters must 
be such that the result from one trial is not a linear function of the results 
from other trials. Correspondingly, since Y = M F ,  the various trial values 
of the parameters must be independent of each other, since y y r  will have a 
rank less than k if the rank of M is less than k. 

Thus, to the requirements stated at the beginning of this section, we 
must now add that the k changes in trial parameters must be linearly in- 
dependent of each other and must result in a set of linearly independent Y ' s .  

For example, changing only one parameter for each set would result in a 
diagonal matrix for M which would clearly have a rank of k. 

The procedure is an iterative one. I t  may be necessary to apply it 
several times to find a minimum. It  also is desirable to check in the vicinity 
of the minimum to be sure that the point found is approximately a minimum. 
Since the function being minimized is a quadratic, it will have only one 
minimum. 

Furthermore, the parameter changes and changes in error must be small 
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enough so that a line, plane, or hyperplane is a good fit to the surface in 
the region being dealt with. Under these conditions the equation Y = MF 
will be a good approximation to the surface. Changing only one parameter 
at a time, so that M is a diagonal matrix, would be a simple method of 
satisfying this requirement. 

The Method of False Position with some of its extensions and limitations 
has been discussed by Willers (17). He also presents other methods for solving 
problems of the type considered here. 

Predicting Scale Values of Composite Stimuli 

The four laws (equations 19, 20, 21, and 24) were used to predict the 
scale values of the composite stimuli from the scale values of their component 
stimuli. 

For the negative exponential law four sets of values were chosen for 
B-, B +, and C. These values were used with (24) to give sets of values for 
9~; . The parameter values were used to construct the matrix M. The values 
of s~i gave matrix Y. Using s~; and s~i gave the vector d. Equation (30) is 
then used to find a correction which gives a fifth set of values of the parameters, 
which is better than any of the first four. This process is repeated until a 
minimum is found and tested. For a one-parameter system the process is 
similar but much simpler. To give a measure of goodness of fit we have 
presented the sum of the squares of the discrepancies as well as the sum of 
the absolute values of the discrepancies. These values are shown in Table 3. 

I t  can be seen that the logarithmic and square-root laws in this case 
give the largest discrepancies between the actual values of the composites 
and the values as predicted from the single stimuli. Therefore, we shall not 
consider either the logarithmic or square-root laws in further detail. 

Both the linear and negative exponential laws placed the zero point 

TABLE 3 

Four Value Laws Cc~pared 

Law 

Asymptote Additive 

Pos. Neg. Constant 

B + or B- or C 

A++C A'+C 

Negative 
Exponential 4.6 -1.8 +0.8 

Linear co °co +0.9 ~ 

Logarithmic co -co +i.i0 

Square Root co -co +1.13 

zl ~lj - ~ljl 

1.069 

1.658 

2.177 

2.4.87 

_ $ )2 Z(sij ±j 

.205 

• 568 

.815 
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between pork and lamb, where previous consideration showed it reasonably 
came. 

Figure 1 shows the test for the linear value increase--the plot of the 

3 -  

0 
0 

2 -  

to 

I- 

LINEAR VALUE LAW 0 / / /  0 

IS  =( . - .  

I 2 3 4 
Sl+ Sj 

FIGURE 1 

scale value of the composite against the sum of the scale values of the com- 
ponents. This plot gives a reasonably good fit to the line 

~i = (s~ + si) - .9373. 

Thus, the best estimate of the zero point on the assumption of the linear 
law is .9373, or about .94 if we assume that xo = 0. 

A more detailed analysis showing the fit for the negative exponential 
is shown in Figure 2. Here we have the value of tongue, .137, plotted on the 
abscissa, and over it the value of each of the composites with tongue-- 
tongue and pork, tongue and lamb, tongue and beef, and tongue and steak. 
The same has been done for pork, lamb, beef, and steak and their composites 
with each of the other four stimuli. 

The lines show how a negative exponential rule would fit the data, 
given that the zero point is at .8, that the upper asymptote is at 4.6 and the 
lower one at -1.8.  We have a family of five lines, the upper line indicating 
the values v,  for all composites with steak, designated S. The lower line 
indicates the values v ,  for all composites with tongue, designated T. Corre- 
spondingly, the other three lines show the values for composites with pork, 
lamb, and beef. These lines all converge at the two points (4.6, 4.6) and 
(--1.8, --1.8), corresponding to the two asymptotes. I t  can be seen that 
the fit is good. 

These data are not adequate to discriminate between the different 
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value laws even though the discrepancies are smallest for the negative 
exponential. More points are needed, particularly more points in the upper 
right quadrant, e.g., where both components are positive and hence the 
composite is positive. Similarly, if one has negative values, there should be 
more of them, so that the negative components would combine to form a 
number of different negative composites. I t  had been expected that all the 
values in this case would be positive and hence that five components might 
have been adequate. 

Summary 
Four different value laws have been developed: a square-root, a log- 

arithmic, a negative exponential, and an additive law. A method has been 
presented for testing each law using only the scale values of components and 
composite stimuli determined by a psychophysical scaling method. In this 
case paired comparisons was used. A tentative extension of these rules has 
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been made to cover the case in which both negative and positive components 
are combined. 

It  has been shown that either the linear or the negative exponential 
law gives a good fit to limited data on food preferences. Also, it should be 
noted that persons do make consistent judgments about preferences for 
composite stimuli of the type used here, so that it is experimentally feasible 
to secure consistent judgments involving (i and j vs. g) or (i and j vs. g and h) 
in addition to the usual (i vs. j) type of choice. 

Thus, we have a procedure for investigating the laws governing prefer- 
ences, or value judgments, in areas where there is no readily available method 
for obtaining a physical measure of the amount of the commodity, and in 
which the usual scaling methods do not give a zero point. 
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